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1 Introduction and Main Results
In this paper, we consider the elliptic curve
E = Eε : y
2 = x(x+ εpD)(x+ εqD), (ε = ±1) (1.1)
where p and q are odd prime numbers with q − p = 2, and D = D1 · · ·Dn is a
square-free integer with distinct primes D1, · · · , Dn. Moreover, 2 ∤ D, p ∤ D and
q ∤ D. For each Di, denote D̂i = D/Di (D̂1 = 1 if D = D1). We write E = E+ if
ε = 1 and E = E− if ε = −1.
Take the elliptic curve
E ′ = E ′ε : y
2 = x3 − 2ε(p+ q)Dx2 + 4D2x. (1.2)
There is an isogeny ϕ of degree 2 between E and E ′ as follows:
ϕ : E −→ E ′, (x, y) 7−→ (y2/x2, y(pqD2 − x2)/x2).
The kernel is E[ϕ] = {O, (0, 0)}, and the dual isogeny of ϕ is
ϕ̂ : E ′ −→ E, (x, y) 7−→ (y2/4x2, y(4D2 − x2)/8x2)
∗ E-mail: derong@mail.cnu.edu.cn
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with kernel E ′[ϕ̂] = {O, (0, 0)} (see [S, p.74]).
In this paper, we calculate the ϕ(ϕ̂)−Selmer groups S(ϕ)(E/Q) and S(bϕ)(E ′/Q)
of the above elliptic curves via descent theory (see [S, Chapter X]), in particular,
we obtain that the Selmer groups of several families of such elliptic curves can be
arbitrary large. There are many literature studying Selmer groups of elliptic curves
( see e.g., [KS], [QZ], [Sch], [ST]). The main results in the present paper are stated
as follows:
Part 1 Results for the case ε = +1
Theorem 1.1. Let E = E+ be the elliptic curve in (1.1) with ε = +1. For
each i ∈ {1, · · · , n}, denote
Π+i (D) =
(
1−
(
−1
Di
))
+
(
1−
(
p
Di
))
+
(
1−
(
q
Di
))
+
n∑
j=1, j 6=i
(
1−
(
Dj
Di
))
,
where (−) is the ( Legendre ) quadratic residue symbol. And define a function
ρ+(D) by
ρ+(D) =
n∑
i=1
[
1
1 + Π+i (D)
]
,
where [x] is the greatest integer ≤ x. Then we have
(1) There exists a subset T ⊂ {D1, · · · , Dn} with cardinal ♯T = ρ
+(D) such
that S(ϕ)(E/Q) ⊃ < Tmod(Q⋆
2
) > ∼= (Z/2Z)
ρ+(D) . In particular, dim2S
(ϕ)(E/Q) ≥
ρ+(D).
(2) If p ≡ 7(mod8) and Di ≡ 1, 7(mod8) (1 ≤ i ≤ n), then dim2S
(ϕ)(E/Q) ≥
ρ+(D)+1 and S(ϕ)(E/Q) ⊃ < T ∪{2}mod(Q⋆
2
) > ∼= (Z/2Z)
ρ+(D)+1 for some subset
T ⊂ {D1, · · · , Dn} with ♯T = ρ
+(D).
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Corollary 1.2. For elliptic curve E = E+ as in Theorem 1.1, we have
S(ϕ)(E/Q) ⊂ (Z/2Z)n+1 . Furthermore,
(A) If the following conditions hold:
(1) Di ≡ 1(mod4), 1 ≤ i ≤ n; (2)
(
Di
p
)
=
(
Di
q
)
= 1, 1 ≤ i ≤ n;
(3)
(
Dj
Di
)
= 1, 1 ≤ i, j ≤ n and i 6= j.
Then S(ϕ)(E/Q) ⊃ (Z/2Z)n , so 2n ≤ ♯S(ϕ)(E/Q) ≤ 2n+1.
(B) If the following conditions hold:
(1) Di ≡ 1(mod4), 1 ≤ i ≤ n;
(2) Dk ≡ 5(mod8) for at least one k ∈ {1, · · · , n};
(3)
(
Di
p
)
=
(
Di
q
)
= 1, 1 ≤ i ≤ n;
(4)
(
Dj
Di
)
= 1, 1 ≤ i, j ≤ n and i 6= j.
Then S(ϕ)(E/Q) ∼= (Z/2Z)
n , and ♯S(ϕ)(E/Q) = 2n.
(C) If the following conditions hold:
(1) p ≡ 7(mod8); (2) Di ≡ 1(mod8), 1 ≤ i ≤ n;
(3)
(
Di
p
)
=
(
Di
q
)
= 1, 1 ≤ i ≤ n;
(4)
(
Dj
Di
)
= 1, 1 ≤ i, j ≤ n and i 6= j.
Then S(ϕ)(E/Q) ∼= (Z/2Z)
n+1 , and ♯S(ϕ)(E/Q) = 2n+1.
Theorem 1.3. Let E ′ = E ′+ be the elliptic curve in (1.2) with ε = +1. For
each i ∈ {1, · · · , n}, denote
Π+i (D)
′ =
(
1−
(
−pD̂i
Di
))(
1−
(
−qD̂i
Di
))
+
n∑
j=1, j 6=i
(
1−
(
Di
Dj
))(
1−
(
pqDi
Dj
))
,
where (−) is the ( Legendre ) quadratic residue symbol. Take a subset I of Z(n) =
{1, · · · , n} as follows: I = {i ∈ Z(n) : Di ≡ 1(mod8)}∪ {i ∈ Z(n) : (1+ pD̂i)(1 +
3
qD̂i) ≡ 0(mod16)} ∪ {i ∈ Z(n) : Di ≡ 3(mod8) and p ≡ 1(mod4)} ∪ {i ∈ Z(n) :
Di ≡ 7(mod8) and p ≡ 3(mod4)}, and define a function ρ
+(D)′ by
ρ+(D)′ =
∑
i∈I
[
1
1 + Π+i (D)
′
]
,
where [x] is the greatest integer ≤ x. Then there exists a subset T ⊂ {D1, · · · , Dn}
with cardinal ♯T = ρ+(D)′ such that S(bϕ)(E ′/Q) ⊃< Tmod(Q⋆
2
) >∼= (Z/2Z)
ρ+(D)′ .
In particular, dim2S
(bϕ)(E ′/Q) ≥ ρ+(D)′.
Corollary 1.4. For elliptic curve E ′ = E ′+ as in Theorem 1.3, we have
S(bϕ)(E ′/Q) ⊂ (Z/2Z)n+3 . Furthermore, if for each i ∈ {1, · · · , n}, Π+i (D)
′ = 0
and one of the following conditions hold:
(1) Di ≡ 1(mod8); (2) (1 + pD̂i)(1 + qD̂i) ≡ 0(mod16);
(3)
{
Di ≡ 3(mod8),
p ≡ 1(mod4);
(4)
{
Di ≡ 7(mod8),
p ≡ 3(mod4).
Then S(bϕ)(E ′/Q) ⊃ (Z/2Z)n+2 , so 2n+2 ≤ ♯S(bϕ)(E ′/Q) ≤ 2n+3.
Furthermore, if
{
p ≡ 3(mod4),
α(−pq)′ = 0
or
{
D − p ≡ 0, 2(mod8),
α(−pq)′ = 0,
then S(bϕ)(E ′/Q) = (Z/2Z)n+3 , so ♯S(bϕ)(E ′/Q) = 2n+3,
where α(−pq)′ =
∑n
i=1
(
1−
(
−1
Di
))(
1−
(
−pq
Di
))
.
For example, if the following conditions hold:
(1) Di ≡ 1(mod8), 1 ≤ i ≤ n; (2)
(
Di
p
)
+
(
Di
q
)
= 0, 1 ≤ i ≤ n;
(3) p ≡ 3(mod4).
Then S(bϕ)(E ′/Q) = (Z/2Z)n+3 , so ♯S(bϕ)(E ′/Q) = 2n+3.
Theorem 1.5. For elliptic curves E = E+ and E
′ = E ′+in (1.1) and (1.2)
with ε = +1, we have
(A) If the following conditions hold:
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(1) Di ≡ 1(mod4), 1 ≤ i ≤ n;
(2) Dk ≡ 5(mod8) for at least one k ∈ {1, · · · , n};
(3)
(
Di
p
)
=
(
Di
q
)
= 1, 1 ≤ i ≤ n;
(4)
(
Dj
Di
)
= 1, 1 ≤ i, j ≤ n and i 6= j;
(5) p−D ≡ 0, 2(mod8).
Then S(ϕ)(E/Q) ∼= (Z/2Z)
n , (Z/2Z)n+2 ⊂ S(bϕ)(E ′/Q) ⊂ (Z/2Z)n+3 .
Furthermore, if p ≡ 3(mod4) or p−D ≡ 0(mod8), then
S(ϕ)(E/Q) ∼= (Z/2Z)
n , S(bϕ)(E ′/Q) ∼= (Z/2Z)
n+3 , and
rank(E(Q)) + dim2TS(E/Q)[ϕ] + dim2TS(E
′/Q)[ϕ̂] = 2n+ 1,
where TS(E/Q) and TS(E ′/Q) are the Tate-Shafarevich groups of E and E ′ over
Q respectively (See [S, Chapter X]).
(B) If the following conditions hold:
(1) p ≡ 7(mod8); (2) Di ≡ 1(mod8), 1 ≤ i ≤ n;
(3)
(
Di
p
)
=
(
Di
q
)
= 1, 1 ≤ i ≤ n;
(4)
(
Dj
Di
)
= 1, 1 ≤ i, j ≤ n and i 6= j.
Then S(ϕ)(E/Q) ∼= (Z/2Z)
n+1 , S(bϕ)(E ′/Q) ∼= (Z/2Z)
n+3 , and
rank(E(Q)) + dim2TS(E/Q)[ϕ] + dim2TS(E
′/Q)[ϕ̂] = 2n+ 2.
Part 2 Results for the case ε = −1
Theorem 1.6. Let E = E− be the elliptic curve in (1.1) with ε = −1. For
each i ∈ {1, · · · , n}, denote
Π−i (D) =
(
1−
(
p
Di
))
+
(
1−
(
q
Di
))
+
n∑
j=1, j 6=i
(
1−
(
Dj
Di
))
,
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and define a function ρ−(D) by
ρ−(D) =
n∑
i=1
[
1
1 + Π−i (D)
]
,
where [x] is the greatest integer ≤ x. Then we have
(1) There exists a subset T ⊂ {D1, · · · , Dn} with cardinal ♯T = ρ
−(D)
such that S(ϕ)(E/Q) ⊃ < {D⋆i : Di ∈ T}mod(Q
⋆2) > ∼= (Z/2Z)
ρ−(D) , where
D⋆i ∈ {Di, −Di}. In particular, dim2S
(ϕ)(E/Q) ≥ ρ−(D).
(2) Furthermore, if one of the following conditions hold:
(a) p ≡ 7(mod8) and Di ≡ 1, 7(mod8) (1 ≤ i ≤ n);
(b) p ≡ 1(mod8) and Di ≡ 1, 3(mod8) (1 ≤ i ≤ n).
Then for T as in (1), we have S(ϕ)(E/Q) ⊃ < 2⋆ > × < {D⋆i : Di ∈ T}
∼=
(Z/2Z)ρ
−(D)+1 , where 2⋆ ∈ {2, −2}. In particular, dim2S
(ϕ)(E/Q) ≥ ρ−(D) + 1.
Corollary 1.7. For elliptic curve E = E− as in Theorem 1.6, we have
S(ϕ)(E/Q) ⊂ (Z/2Z)n+1 . Furthermore,
(A) If the following conditions hold:
(1)
(
p
Di
)
=
(
q
Di
)
= 1, 1 ≤ i ≤ n;
(2)
(
Dj
Di
)
= 1, 1 ≤ i, j ≤ n and i 6= j.
Then S(ϕ)(E/Q) ⊃ (Z/2Z)n , so 2n ≤ ♯S(ϕ)(E/Q) ≤ 2n+1.
(B) If the following conditions hold:
(1)
(
p
Di
)
=
(
q
Di
)
= 1, 1 ≤ i ≤ n;
(2)
(
Dj
Di
)
= 1, 1 ≤ i, j ≤ n and i 6= j;
(3)
{
p ≡ 7(mod8)
Di ≡ 1, 7(mod8) (1 ≤ i ≤ n),
or
{
p ≡ 1(mod8)
Di ≡ 1, 3(mod8) (1 ≤ i ≤ n).
Then S(ϕ)(E/Q) ∼= (Z/2Z)
n+1 , and ♯S(ϕ)(E/Q) = 2n+1.
6
Theorem 1.8. Let E ′ = E ′− be the elliptic curve in (1.2) with ε = −1. For
each i ∈ {1, · · · , n}, denote
Π−i (D)
′ =
(
1−
(
pD̂i
Di
))(
1−
(
qD̂i
Di
))
+
n∑
j=1, j 6=i
(
1−
(
Di
Dj
))(
1−
(
pqDi
Dj
))
,
where (−) is the ( Legendre ) quadratic residue symbol. Take a subset I of Z(n) =
{1, · · · , n} as follows: I = {i ∈ Z(n) : Di ≡ 1(mod8)}∪ {i ∈ Z(n) : (1− pD̂i)(1−
qD̂i) ≡ 0(mod16)} ∪ {i ∈ Z(n) : Di ≡ 3(mod8) and p ≡ 1(mod4)} ∪ {i ∈ Z(n) :
Di ≡ 7(mod8) and p ≡ 3(mod4)}, and define a function ρ
−(D)′ by
ρ−(D)′ =
∑
i∈I
[
1
1 + Π−i (D)
′
]
,
where [x] is the greatest integer ≤ x. Then there exists a subset T ⊂ {D1, · · · , Dn}
with cardinal ♯T = ρ−(D)′ such that S(bϕ)(E ′/Q) ⊃< Tmod(Q⋆
2
) >∼= (Z/2Z)
ρ−(D)′ .
In particular, dim2S
(bϕ)(E ′/Q) ≥ ρ−(D)′.
Corollary 1.9. For elliptic curve E ′ = E ′− as in Theorem 1.8, we have
S(bϕ)(E ′/Q) ⊂ (Z/2Z)n+2 . Furthermore, if for each i ∈ {1, · · · , n}, Π−i (D)
′ = 0
and one of the following conditions hold:
(1) Di ≡ 1(mod8); (2) (1− pD̂i)(1− qD̂i) ≡ 0(mod16);
(3)
{
Di ≡ 3(mod8),
p ≡ 1(mod4);
(4)
{
Di ≡ 7(mod8),
p ≡ 3(mod4).
Then S(bϕ)(E ′/Q) ∼= (Z/2Z)
n+2 , so ♯S(bϕ)(E ′/Q) = 2n+2.
For example, if the following conditions hold:
(1) Di ≡ 1(mod8), 1 ≤ i ≤ n; (2)
(
Di
p
)
+
(
Di
q
)
= 0, 1 ≤ i ≤ n.
Then S(bϕ)(E ′/Q) = (Z/2Z)n+2 , so ♯S(bϕ)(E ′/Q) = 2n+2.
Theorem 1.10 For elliptic curves E = E− and E
′ = E ′−in (1.1) and (1.2)
with ε = −1, we have
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(A) If the following conditions hold:
(1) Di ≡ 1(mod4), 1 ≤ i ≤ n;
(2) Dk ≡ 5(mod8) for at least one k ∈ {1, · · · , n};
(3)
(
Di
p
)
=
(
Di
q
)
= 1, 1 ≤ i ≤ n;
(4)
(
Dj
Di
)
= 1, 1 ≤ i, j ≤ n and i 6= j;
(5) p−D ≡ 2, 4(mod8).
Then S(ϕ)(E/Q) ∼= (Z/2Z)
n , S(bϕ)(E ′/Q) ∼= (Z/2Z)
n+2 , and
rank(E(Q)) + dim2TS(E/Q)[ϕ] + dim2TS(E
′/Q)[ϕ̂] = 2n.
(B) If the following conditions hold:
(1) p ≡ 1, 7(mod8); (2) Di ≡ 1(mod8), 1 ≤ i ≤ n;
(3)
(
p
Di
)
=
(
q
Di
)
= 1, 1 ≤ i ≤ n;
(4)
(
Dj
Di
)
= 1, 1 ≤ i, j ≤ n and i 6= j.
Then S(ϕ)(E/Q) ∼= (Z/2Z)
n+1 , S(bϕ)(E ′/Q) ∼= (Z/2Z)
n+2 , and
rank(E(Q)) + dim2TS(E/Q)[ϕ] + dim2TS(E
′/Q)[ϕ̂] = 2n+ 1.
Remark 1.11 For each pair (p, q) above, by Chinese Remainder Theorem
(See [L]) and Dirichlet Theorem on primes in arithmetic progressions [see[IK]], it is
easy to verify that there exist infinitely many D satisfying the conditions in every
Corollaries above.
2 Proofs of Theorems
Let MQ be the set of all places of Q, including the infinite ∞. For each place p,
denote by Qp the completion of Q at p, and if p is finite, denote by vp the correspond-
ing normalized additive valuation, so vp(p) = 1. Let S = {∞, 2, p, q,D1, · · · , Dn},
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and define a subgroup of Q⋆/Q⋆
2
as follows: Q(S, 2) =< −1, 2, p, q,D1, · · · , Dn >∼=
(Z/2Z)n+4 . For any subset A ⊂ Q⋆, we write < A > for the subgroup of Q⋆/Q⋆
2
generated by all the elements in A. For each d ∈ Q(S, 2), define the curves
Cd : dw
2 = d2 − 2ε(p+ q)Ddz2 + 4D2z4, and
C ′d : dw
2 = d2 + ε(p+ q)Ddz2 + pqD2z4.
Then by the theory of descent via two-isogeny ( see [S, chapter X]), the ϕ−Selmer
group for the elliptic curve E/Q in (1.1) is
S(ϕ)(E/Q) ∼= {d ∈ Q(S, 2) : Cd(Qv) 6= ∅ for all v ∈ S}, and the ϕ̂−Selmer group
for the elliptic curve E ′/Q in (1.2) is
S(bϕ)(E ′/Q) ∼= {d ∈ Q(S, 2) : C ′d(Qv) 6= ∅ for all v ∈ S}.
Proposition 2.1 We assume ε = 1 and the elliptic curve E = E+ be as in
(1.1).
(A) For d ∈ Q(S, 2), if one of the following conditions holds:
(1) d < 0; (2) p | d; (3) q | d.
Then d /∈ S(ϕ)(E/Q). Moreover, if d > 0, then Cd(R) 6= ∅.
(B) For d = 2 ∈ Q(S, 2), we have
(1) C2(Q2) 6= ∅ ⇐⇒ D(D − 2p− 2) ≡ 1(mod16).
(2) For each prime number l | pqD, C2(Ql) 6= ∅ ⇐⇒
(
2
l
)
= 1, i.e., l ≡ 1, 7(mod8).
(C) For each Di (1 ≤ i ≤ n), we have
(1) CDi(Q2) 6= ∅ ⇐⇒ Di ≡ 1(mod4).
(2) For each prime number l | pqD̂i, CDi(Ql) 6= ∅ ⇐⇒
(
Di
l
)
= 1.
(3) CDi(QDi) 6= ∅ ⇐⇒
(
pcDi
Di
)
=
(
qcDi
Di
)
= 1.
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Proof. Conclusion (A) follows directly by the valuation property.
(B) In this case, C2 : w
2 = 2− 2(p+ q)Dz2 + 2D2z4.
(1) If C2(Q2) 6= ∅, then there exists (z0, w0) ∈ Q
2
2 such that w
2
0 = 2 − 2(p +
q)Dz20 + 2D
2z40 , from which we have v2(w0) ≥ 1 and v2(z0) = 0. Let w0 = 2w1
with w1 ∈ Q2 and v2(w1) ≥ 0. Then 2w
2
1 = 1 − (p + q)Dz
2
0 + D
2z40 . Note that
v2(Dz0) = 0, so by lemma in [Rob], we have z
2
0 = 8s+1 and D
2z40 = 8t+1 for some
s, t ∈ Q2 with v2(s) ≥ 0 and v2(t) ≥ 0. So 2w
2
1 = 2 − 2(p+ 1)D(8s+ 1) + 8t. Thus
v2(2w
2
1) = v2(2) = 1, so v2(w1) = 0, and we may assume that (w1)
2 = 8r + 1 for
some r ∈ Q2 and v2(r) ≥ 0. So 2(8r + 1) = 1 − 2(p + 1)D(8s + 1) + D
2(8s + 1)2,
from which we get D2 − 2(p+ 1)D ≡ 1(mod16), i.e., D(D − 2p− 2) ≡ 1(mod16).
Conversely, if D(D−2p−2) ≡ 1(mod16), let f(z, w) = w2−2+2(p+q)Dz2−2D2z4,
then f ′w = 2w, and v2(f(1, 2)) ≥ 5 > 2v2(f
′
w(1, 2)), so by Hensel’s lemma (see
[S],p.322), we have C2(Q2) 6= ∅.
(2) For l = p, if C2(Qp) 6= ∅, then ∃(z0, w0) ∈ Q
2
p s.t. w
2
0 = 2−2(p+ q)Dz
2
0+2D
2z40 .
If vp(z0) > 0, then vp(w
2
0−2) ≥ 1, so
(
2
p
)
= 1. If vp(z0) = 0 then we can obtain that
vp(Dz
2
0 − 1) = 0. Let w1 = w0(Dz
2
0 − 1)
−1 ∈ Q∗p, then vp(w
2
1 − 2) ≥ 1, so
(
2
p
)
= 1. If
vp(z0) < 0 then vp(z
−1
0 ) > 0, so by the equality (
w0
z2
0
)2 = 2(z−10 )
4−4(p+1)Dz−20 +2D
2
we get vp(w1) ≥ 0 and vp(w
2
1 − 2D
2) ≥ 1 with w1 =
w0
z2
0
. So
(
2D2
p
)
= 1, and then(
2
p
)
= 1. To sum up, we obtain
(
2
p
)
= 1.
Conversely, if
(
2
p
)
= 1, then 2 ≡ a2(modp) for some a ∈ Z with p ∤ a. Then for the
above f(z, w), we have vp(f(0, a)) ≥ 1 > 0 = 2vp(f
′
w(0, a)). So by Hensel’s lemma ,
we have C2(Qp) 6= ∅. The case l = q,Di (1 ≤ i ≤ n) are similar. This proves (B).
(C) In this case, CDi : w
2 = Di − 2(p+ q)Dz
2 + 4DD̂iz
4.
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(1) If CDi(Q2) 6= ∅, then ∃(z0, w0) ∈ Q
2
2 s. t. w
2
0 = Di − 2(p+ q)Dz
2
0 + 4DD̂iz
4
0 .
If v2(z0) ≥ 0, then v2(w
2
0) = v2(Di), v2(w0) = 0 and v2(w
2
0 − Di) ≥ 2. Since
v2(w
2
0−Di) ≥ 3 ( see lemma in [Rob]), we have v2(Di−1) = v2((w
2
0−1)+(Di−w
2
0)) ≥
2. So Di ≡ 1(mod4).
If v2(z0) < 0, then v2(z
−1
0 ) ≥ 1, so by (
w0
2z2
0
)2 = Di(2z
2
0)
−2 − (p+ 1)Dz−20 +DD̂i, we
get v2((
w0
2z2
0
)2) = v2(DD̂i) = 0, so v2((
w0
2z2
0
) = 0 and v2(DiD̂i
2
− ( w0
2z2
0
)2) ≥ 2, hence
v2(Di − (
w0
2z2
0
cDi
)2) ≥ 2. Since v2((
w0
2z2
0
cDi
)2 − 1) ≥ 3, we get v2(Di − 1) = v2((Di −
( w0
2z2
0
cDi
)2) + (( w0
2z2
0
cDi
)2 − 1)) ≥ 2. So Di ≡ 1(mod4).
Conversely, if Di ≡ 1(mod4), then for the polynomial f(z, w) = w
2 − Di + 2(p +
q)Dz2 − 4DD̂iz
4, we have f ′w = 2w. So if Di ≡ 1(mod8), then v2(f(0, 1)) ≥ 3 >
2 = 2v2(f
′
w(0, 1)); If Di ≡ 5(mod8), then v2(f(1, 1)) ≥ 3 > 2 = 2v2(f
′
w(1, 1)). So by
Hensel’s lemma, we have CDi(Q2) 6= ∅.
(2) For l = p, if CDi(Qp) 6= ∅, then ∃(z0, w0) ∈ Q
2
p s. t. w
2
0 = Di − 2(p + q)Dz
2
0 +
4DD̂iz
4
0 = −4pDz
2
0 +Di(2D̂iz
2
0 − 1)
2.
If vp(z0) > 0, then vp(w
2
0) = vp(Di) = 0, so vp(w0) = 0 and vp(w
2
0 − Di) ≥ 1, so(
Di
p
)
= 1.
If vp(z0) = 0, then vp(w0) ≥ 0. If vp(2D̂iz
2
0 − 1) ≥ 1, then vp((2D̂iz
2
0 − 1))
2 ≥ 2 >
1 = vp(−4pDz
2
0), so vp(w
2
0) = vp(−4pDz
2
0), i.e., 2vp(w
2
0) = 1, which is impossible !
So vp(2D̂iz
2
0 − 1) = 0, and then we have vp(Di − (
w0
2cDiz20−1
)2) ≥ 1, which shows that(
Di
p
)
= 1.
If vp(z0) < 0, then vp(z
−1
0 ) ≥ 1. By the above equation of CDi we have (
w0
2cDiz20
)2 =
Di(2D̂iz
2
0)
−2 − (p+1)D
(cDiz20)
2
+Di. So vp((
w0
2cDiz20
)2) = vp(Di) = 0, hence vp(Di −
w0
2cDiz20
) ≥ 1,
which shows
(
Di
p
)
= 1.
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Conversely, if
(
Di
p
)
= 1, then Di ≡ a
2(modp) for some a ∈ Z with vp(a) = 0. Then
vp(f(0, a)) ≥ 1 > 0 = 2vp(f
′
w(0, a)). By Hensel’s lemma, we get CDi(Qp) 6= ∅. The
other cases follow the same line. We omit the details. The proof of Proposition 2.1
is completed. 
Corollary 2.2 We assume ε = 1 and the elliptic curve E = E+ be as in (1.1).
(A) 2 ∈ S(ϕ)(E/Q) ⇐⇒ p ≡ 7(mod8) and Di ≡ 1, 7(mod8) (1 ≤ i ≤ n).
(B) For each Di (1 ≤ i ≤ n), we have Di ∈ S
(ϕ)(E/Q) if and only if
Di ≡ 1(mod4) and
(
Dj
Di
)
=
(
p
Di
)
=
(
q
Di
)
= 1 (1 ≤ j ≤ n, and j 6= i).
Proof. The results follow easily from Proposition 2.1. 
Proposition 2.3 We assume ε = 1 and the elliptic curve E ′ = E ′+ be as in
(1.2).
(A) (1) For any d ∈ Q(S, 2), C ′d(R) 6= ∅. If 2 | d, then d /∈ S
(bϕ)(E ′/Q).
(2) {1, pq,−pD,−qD} ⊂ S(bϕ)(E ′/Q).
(B) For each Di (1 ≤ i ≤ n), we have
(1) C ′Di(Q2) 6= ∅ if and only if one of the following conditions holds:
(a) Di ≡ 1(mod8); (b) (1 + pD̂i)(1 + qD̂i) ≡ 0(mod16);
(c) Di ≡ 3(mod8) and p ≡ 1(mod4); (d) Di ≡ 7(mod8) and p ≡ 3(mod4).
(2) C ′Di(Qp) 6= ∅ and C
′
Di
(Qq) 6= ∅.
(3) For each j 6= i, C ′Di(QDj ) 6= ∅ ⇐⇒
(
1−
(
Di
Dj
))(
1−
(
pqDi
Dj
))
= 0.
(4) C ′Di(QDi) 6= ∅ ⇐⇒
(
1−
(
−pcDi
Di
))(
1−
(
−qcDi
Di
))
= 0.
(C) For d = −pq ∈ Q(S, 2), we have
(1) C ′−pq(Q2) 6= ∅ ⇐⇒ p ≡ 3(mod4) or D − p ≡ 0, 2(mod8).
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(2) C ′−pq(Qp) 6= ∅ and C
′
−pq(Qq) 6= ∅.
(3) For each Di (1 ≤ i ≤ n), we have
C ′−pq(QDi) 6= ∅ ⇐⇒
(
1−
(
−1
Di
))(
1−
(
−pq
Di
))
= 0.
Proof. (A) (1) Obvious.
(2) For C ′d : dw
2 = (d+ pDz2)(d+ qDz2), if d = −pD, then (1, 0) ∈ C ′d(Q); and if
d = −qD, then (1, 0) ∈ C ′d(Q), so the group < −pD,−qD >= {1, pq,−pD,−qD} ⊆
E(Q)/ϕ̂(E ′(Q)) ⊂ S(bϕ)(E ′/Q).
(B) C ′Di : w
2 = Di + (p+ q)Dz
2 + pqDD̂iz
4 = Di(1 + pD̂iz
2)(1 + qD̂iz
2).
(1) If C ′Di(Q2) 6= ∅, then ∃(z0, w0) ∈ Q
2
Di
s. t. w20 = Di + (p+ q)Dz
2
0 + pqDD̂iz
4
0 .
If v2(z0) > 0, then v2(w0) = 0. By Lemma 4 in [C, p.11], we get v2(Di − 1) ≥ 3 and
then Di ≡ 1(mod8).
If v2(z0) ≤ 0, then by the equality (
w0
z2
0
)2 = Di(z
−2
0 + pD̂i)(z
−2
0 + qD̂i), we have
v2(
w0
z2
0
) ≥ 0. Denote W = w0
z2
0
, Z = z−10 , then v2(Z) ≥ 0, v2(W ) ≥ 0 and W
2 =
Di(Z
2+ pD̂i)(Z
2+ qD̂i) = Di(V
2− D̂i
2
) with V = Z2+ (p+1)D̂i ∈ Q2. Obviously,
v2(V ) ≥ 0.
i) If v2(V ) = 0, then v2(V
2 − 1) ≥ 3 and v2(Z) = 0. So v2(V
2 − D̂i
2
) = v2((V
2 −
1) − (D̂i
2
− 1)) ≥ 3. Thus v2(W
2) = v2(V
2 − D̂i
2
) ≥ 3, so v2(W
2) ≥ 2, and then
v2((1 + pD̂i)(1 + qD̂i)) ≥ 4, i.e., (1 + pD̂i)(1 + qD̂i) ≡ 0(mod16).
ii) If v2(V ) ≥ 1, then v2(W ) = 0.
If v2(V ) = 1, then v2(V
2− 4) ≥ 5. So v2(W
2− 3Di) = v2((V
2− 4)− (D̂i
2
− 1)) ≥ 3.
Thus v2(1 − 3Di) ≥ 3, hence Di ≡ 3(mod8). Since V = Z
2 + (p + 1)D̂i, we get
v2(p+ 1) = v2(V − Z
2) = 1, so p ≡ 1(mod4).
If v2(V ) ≥ 2, then v2(V
2) ≥ 4, soW 2+Di = Di(V
2+1−D̂i
2
), hence v2(W
2+Di) ≥ 3,
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and then v2(1 + Di) = v2(W
2 + Di + 1 − W
2) ≥ 3, so Di ≡ 7(mod8). Since
V = Z2 + (p+ 1)D̂i, we get v2(p+ 1) = v2(V −Z
2) ≥ 2, which shows p ≡ 3(mod4).
To sum up, we have proved that if C ′Di(Q2) 6= ∅, then one of the following conditions
holds:
(a) Di ≡ 1(mod8); (b) (1 + pD̂i)(1 + qD̂i) ≡ 0(mod16);
(c) Di ≡ 3(mod8) and p ≡ 1(mod4); (d) Di ≡ 7(mod8) and p ≡ 3(mod4).
Conversely, we assume one of the above conditions holds. Let f(z, w) = Di + (p+
q)Dz2 + pqDD̂iz
4 − w2, then f ′w(z, w) = −2w.
(a) If Di ≡ 1(mod8), then v2(f(0, 1)) ≥ 3 > 2 = 2v2(f
′
w(0, 1)). So by Hensel’s
lemma, we get C ′Di(Q2) 6= ∅.
(b) If (1+pD̂i)(1+ qD̂i) ≡ 0(mod16), then v2(1+pD̂i) ≥ 3 or v2(1+ qD̂i) ≥ 3. Let
g(z) = 1 + lD̂iz
2, where l = p or q according to the above first or second inequali-
ties. Then g′(z) = 2lD̂iz. So v2(g(1)) ≥ 3 > 2 = 2v2(g
′(1)), and by Hensel’s lemma,
g(z0) = 0 for some z0 ∈ Q2. Therefore (z0, 0) ∈ C
′
Di
(Q2).
(c) If Di ≡ 3(mod8) and p ≡ 1(mod4), let g(w) = w
2 − Di(2
2 + pD̂i)(2
2 + qD̂i),
then g′(w) = 2w, and v2(g(1)) > 2 = 2v2(g
′(1)). So by Hensel’s lemma, g(w0) = 0
for some w0 ∈ Q2. Thus (
1
2
, w0
4
) ∈ C ′Di(Q2).
(d) similar to (c) above. This proves (1).
(2) Let f(z) = Di+(p+ q)Dz
2+ pqDD̂iz
4, then f(z) ≡ Di(1+2D̂iz
2)(modp), also
f(z) ≡ Di(1− 2D̂iz
2)(modq). Take g = 1, h = f(modp) ( if Di is a square modp,
then take g = Di(modp)), then degg = 0 and it is easy to verify that h is square
free. So by lemma 14 in [MSS], w2 = f(z) has solutions in Qp, i.e., C
′
Di
(Qp) 6= ∅.
Similarly, C ′Di(Qq) 6= ∅. This proves (2).
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(3) If C ′Di(QDj ) 6= ∅ (j 6= i), then ∃(z0, w0) ∈ Q
2
Dj
s. t. w20 = Di(1 + pD̂iz
2
0)(1 +
qD̂iz
2
0).
i) If vDj (z0) ≥ 0, then vDj (w0) = 0 and Di ≡ w
2
0(modDj), so
(
Di
Dj
)
= 1.
ii) If vDj (z0) < 0, then vDj (z
−1
0 ) ≥ 1 and vDj (w0) = 1 + 2vDj (z0) < 0. Now
(w0
z2
0
)2 = Diz
−4
0 + (p + q)Dz
−2
0 + pqDiD̂i
2
. By the above discussion, we get pqDi ≡
( w0
z2
0
cDi
)2(modDj) with vDj(
w0
z2
0
cDi
), so
(
pqDi
Dj
)
= 1. To sum up, we get
(
1−
(
Di
Dj
))(
1−
(
pqDi
Dj
))
=
0.
Conversely, if
(
1−
(
Di
Dj
))(
1−
(
pqDi
Dj
))
= 0, then Di ≡ a
2(modDj) or pqDi ≡
b2(modDj) for some a, b ∈ Z and Dj ∤ ab.
For the former, let f(z, w) = w2−Di− (p+ q)Dz
2+pqDiD̂i
2
z4, then f ′w(z, w) = 2w
and vDj (f(0, a)) > 0 = 2vDj (f
′
w(0, a)). So by Hensel’s lemma, C
′
Di
(QDj ) 6= ∅.
For the later, let g(z, w) = w2−DiD̂i
2
−(p+q)D̂i
2
Dz2−pqDiD̂i
4
z4, then g′w(z, w) =
2w and vDj (g(D̂i
−1
, b)) > 0 = 2vDj(g
′
w(D̂i
−1
, b)). So by Hensel’s lemma, ∃(z0, w0) ∈
Q2Dj s. t. g(z0, w0) = 0, and so (z0,
w0
cDi
) ∈ C ′Di(QDj ). This proves (3).
(4) If C ′Di(QDi) 6= ∅, then ∃(z0, w0) ∈ Q
2
Di
s. t. w20 = Di(1 + pD̂iz
2
0)(1 + qD̂iz
2
0).
It is easy to see that vDi(z0) = 0 and vDi(w0) > 0. Set w0 = Diw1 with w1 ∈ QDi
and vDi(w1) ≥ 0. Then Diw
2
1 = (1+ pD̂iz
2
0)(1+ qD̂iz
2
0), so (1+ pD̂iz
2
0)(1+ qD̂iz
2
0) ≡
0(modDi). Thus
(
1−
(
−pcDi
Di
))(
1−
(
−qcDi
Di
))
= 0.
Conversely, if
(
1−
(
−pcDi
Di
))(
1−
(
−qcDi
Di
))
= 0, then ∃a ∈ Z such that −lD̂i ≡
a2(modDi) for l = p or q. Obviously, Di ∤ a. Let g(z) = 1+lD̂iz
2, then g′(z) = 2lD̂iz.
So vDi(g(a
−1)) > 0 = 2vDi(g
′(a−1)), by Hensel’s lemma, g(z0) = 0 for some z0 ∈ QDi .
Thus (z0, 0) ∈ C
′
Di
(QDi), so C
′
Di
(QDi) 6= ∅. This proves (4), and (B) is proved.
(C) (1) If C ′−pq(Q2) 6= ∅, then ∃(z0, w0) ∈ Q
2
2 s. t. w
2
0 = −pq + (p+ q)Dz
2
0 −D
2z40 .
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i) If v2(z0) < 0, then v2(z
−1
0 ) ≥ 1, so by the equality r
2
0 = −pqz
−4
0 +(p+q)Dz
−2
0 −D
2
with r0 =
w0
z2
0
, we get v2(r0) = 0, v2(r
2
0+D
2) ≥ 4. Thus v2(r
2
0+D
2) = v2((r
2
0−D
2)+
2D2) = 1, a contradiction! So we must have v2(z0) ≥ 0.
ii) If v2(z0) > 0, then v2(w0) = 0, v2(w
2
0 + pq) ≥ 4. So we get v2(1 + pq) =
v2(1− w
2
0 + w
2
0 + pq) ≥ 3, which shows p ≡ 3(mod4).
iii) If v2(z0) = 0, then v2(z
2
0 − 1) ≥ 3, v2(z
4
0 − 1) ≥ 4. Since w
2
0 = −(D − p)(D −
q) + (p + q)D(z20 − 1) − D
2(z40 − 1), we have v2(w
2
0 + (D − p)(D − q)) ≥ 4. But
(D − p)(D − q) ≡ 0(mod8), so v2(w0) ≥ 2. Thus v2((D − p)(D − q)) ≥ 4, which
shows D − p ≡ 0, 2(mod8).
Conversely, if p ≡ 3(mod4), we get −pq ≡ 1(mod8). So −pq = a2 for some a ∈ Q2.
Hence (0, a) ∈ C ′−pq(Q2).
If D− p ≡ 0, 2(mod8), then (D− p− 1)2 ≡ 1(mod16). Let f(z, w) = −[(p+1)z2−
D]2 + z4 − w2, then f ′z(z, w) = −4(p + 1)[(p+ 1)z
2 −D]z + 4z3.
If v2((D − p− 1)
2 − 1) > 4, then v2(f(1, 0)) > 4 = 2v2(f
′
z(1, 0));
If v2((D− p− 1)
2 − 1) = 4, then v2(f(3, 0)) ≥ 5 > 4 = 2v2(f
′
z(3, 0)). So by Hensel’s
lemma, ∃(z0, w0) ∈ Q
2
2 s. t. f(z0, w0) = 0. It is easy to prove z0 6= 0. Hence
(z−10 , w0z
−1
0 ) ∈ C
′
−pq(Q2).
(2) is similar to that of (B)(2).
(3) If C ′−pq(QDi) 6= ∅, then ∃(z0, w0) ∈ Q
2
Di
s. t. w20 = −pq + (p + q)Dz
2
0 −D
2z40 .
i) If vDi(z0) ≥ 0, then we get
(
−pq
Di
)
= 1.
ii) If vDi(z0) < 0, then vDi(z
−1
0 ) ≥ 1. Since (
w0
Dz2
0
)2 = −D−2pqz−40 +(p+q)D
−1z−20 −1,
we have
(
−1
Di
)
= 1. To sum up, we get
(
1−
(
−1
Di
))(
1−
(
−pq
Di
))
= 0.
Conversely, if
(
1−
(
−1
Di
))(
1−
(
−pq
Di
))
= 0, then ∃a, b ∈ Z s. t. −pq ≡ a2(modDi)
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or −1 ≡ b2(modDi) with Di ∤ ab. For the former, let f(z, w) = w
2 + pq − (p +
q)Dz2 + D2z4, then f ′w(z, w) = 2w and vDi(f(0, a)) > 0 = 2vDi(f
′
w(0, a)). So by
Hensel’s lemma, we get C ′−pq(QDi) 6= ∅.
For the later, let f(z, w) = w2 + D2pq − (p + q)D3z2 + D4z4, then f ′w(z, w) = 2w
and vDi(f(D
−1, b)) > 0 = 2vDi(f
′
w(D
−1, b)). So by Hensel’s lemma, ∃(z0, w0) ∈ Q
2
Di
s. t. f(z0, w0) = 0. Thus ∃(z0, w0D
−1) ∈ C ′−pq(QDi). This proves (C), and the proof
of proposition 2.3 is completed. 
Corollary 2.4 We assume ε = 1 and the elliptic curve E ′ = E ′+ be as in
(1.2).
(A) Denote α(−pq)′ =
∑n
i=1
(
1−
(
−1
Di
))(
1−
(
−pq
Di
))
. Then
−pq ∈ S(bϕ)(E ′/Q) ⇐⇒
{
p ≡ 3(mod4),
α(−pq)′ = 0;
or
{
D − p ≡ 0, 2(mod8),
α(−pq)′ = 0.
(B) Denote β(−D)′ =
∑n
i=1
(
1−
(
p
Di
))(
1−
(
q
Di
))
. Then −D ∈ S(bϕ)(E ′/Q)
if and only if one of the following conditions holds:
(1)
{
D ≡ 7(mod8),
β(−D)′ = 0;
(2)
{
p ≡ 1, 7(mod8),
β(−D)′ = 0;
(3)

D ≡ 1(mod8),
p ≡ 3(mod8),
β(−D)′ = 0;
(4)

D ≡ 5(mod8),
p ≡ 5(mod8),
β(−D)′ = 0.
(C) For each Di (1 ≤ i ≤ n), denote
Π+i (D)
′ =
(
1−
(
−pD̂i
Di
))(
1−
(
−qD̂i
Di
))
+
n∑
j=1, j 6=i
(
1−
(
Di
Dj
))(
1−
(
pqDi
Dj
))
.
Then Di ∈ S
(bϕ)(E ′/Q) if and only if one of the following conditions holds:
(1)
{
Di ≡ 1(mod8),
Π+i (D)
′ = 0;
(2)
{
(1 + pD̂i)(1 + qD̂i) ≡ 0(mod16),
Π+i (D)
′ = 0;
(3)

Di ≡ 3(mod8),
p ≡ 1(mod4),
Π+i (D)
′ = 0;
(4)

Di ≡ 7(mod8),
p ≡ 3(mod4),
Π+i (D)
′ = 0.
Proof. The results follow easily from Proposition 2.3. 
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Proposition 2.5 We assume ε = −1 and the elliptic curve E = E− be as in
(1.1).
(A) For d ∈ Q(S, 2), if one of the following conditions holds:
(1) p | d; (2) q | d; (3) d = −1.
Then d /∈ S(ϕ)(E/Q).
(B1) For d = 2 ∈ Q(S, 2), we have
(1) C2(Q2) 6= ∅ ⇐⇒ D(D + 2p+ 2) ≡ 1(mod16).
(2) For each prime number l | pqD, C2(Ql) 6= ∅ ⇐⇒
(
2
l
)
= 1, i.e., l ≡ 1, 7(mod8).
(B2) For d = −2 ∈ Q(S, 2), we have
(1) C−2(Q2) 6= ∅ ⇐⇒ D(−D + 2p+ 2) ≡ 3(mod16).
(2) For each prime number l | pqD, C−2(Ql) 6= ∅ ⇐⇒
(
−2
l
)
= 1, i.e., l ≡
1, 3(mod8).
(C1) For each Di (1 ≤ i ≤ n), we have
(1) CDi(Q2) 6= ∅ ⇐⇒ Di ≡ 1(mod4).
(2) For each prime number l | pqD̂i, CDi(Ql) 6= ∅ ⇐⇒
(
Di
l
)
= 1.
(3) CDi(QDi) 6= ∅ ⇐⇒
(
−pcDi
Di
)
=
(
−qcDi
Di
)
= 1.
(C2) For each Di (1 ≤ i ≤ n), we have
(1) C−Di(Q2) 6= ∅ ⇐⇒ Di ≡ 3(mod4).
(2) For each prime number l | pqD̂i, C−Di(Ql) 6= ∅ ⇐⇒
(
−Di
l
)
= 1.
(3) C−Di(QDi) 6= ∅ ⇐⇒
(
pcDi
Di
)
=
(
qcDi
Di
)
= 1.
Proof. The proof is similar to Proposition 2.1, we omit the details.
Corollary 2.6 We assume ε = −1 and the elliptic curve E = E− be as in
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(1.1).
(A1) 2 ∈ S
(ϕ)(E/Q) ⇐⇒ p ≡ 7(mod8) and Di ≡ 1, 7(mod8) (1 ≤ i ≤ n).
(A2) −2 ∈ S
(ϕ)(E/Q) ⇐⇒ p ≡ 1(mod8) and Di ≡ 1, 3(mod8) (1 ≤ i ≤ n).
(B1) For each Di (1 ≤ i ≤ n), we have Di ∈ S
(ϕ)(E/Q) if and only if
Di ≡ 1(mod4) and
(
Dj
Di
)
=
(
p
Di
)
=
(
q
Di
)
= 1 (1 ≤ j ≤ n, and j 6= i).
(B2) For each Di (1 ≤ i ≤ n), we have −Di ∈ S
(ϕ)(E/Q) if and only if
Di ≡ 3(mod4) and
(
Dj
Di
)
=
(
p
Di
)
=
(
q
Di
)
= 1 (1 ≤ j ≤ n, and j 6= i).
Proof. The results follow easily from Proposition 2.5. 
Proposition 2.7 We assume ε = −1 and the elliptic curve E ′ = E ′− be as in
(1.2).
(A) (1) For any d ∈ Q(S, 2) and d > 0, C ′d(R) 6= ∅. If 2 | d or d < 0, then
d /∈ S(bϕ)(E ′/Q).
(2) {1, pq, pD, qD} ⊂ S(bϕ)(E ′/Q).
(B) For each Di (1 ≤ i ≤ n), we have
(1) C ′Di(Q2) 6= ∅ if and only if one of the following conditions holds:
(a) Di ≡ 1(mod8); (b) (1− pD̂i)(1− qD̂i) ≡ 0(mod16);
(c) Di ≡ 3(mod8) and p ≡ 1(mod4); (d) Di ≡ 7(mod8) and p ≡ 3(mod4).
(2) C ′Di(Qp) 6= ∅ and C
′
Di
(Qq) 6= ∅.
(3) For each j 6= i, C ′Di(QDj ) 6= ∅ ⇐⇒
(
1−
(
Di
Dj
))(
1−
(
pqDi
Dj
))
= 0.
(4) C ′Di(QDi) 6= ∅ ⇐⇒
(
1−
(
pcDi
Di
))(
1−
(
qcDi
Di
))
= 0.
(C) (1) C ′D(Q2) 6= ∅ if and only if one of the following conditions holds:
(a) D ≡ 1(mod8); (b) p ≡ 1, 7(mod8);
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(c) D ≡ 3(mod8) and p ≡ 5(mod8); (d) D ≡ 7(mod8) and p ≡ 3(mod8).
(2) C ′D(Qp) 6= ∅ and C
′
D(Qq) 6= ∅.
(3) For each i, C ′D(QDi) 6= ∅ ⇐⇒
(
1−
(
p
Di
))(
1−
(
q
Di
))
= 0.
Proof. The proof is similar to Proposition 2.3, we omit the details.
Corollary 2.8 We assume ε = −1 and the elliptic curve E ′ = E ′− be as in
(1.2).
For each Di (1 ≤ i ≤ n), denote
Π−i (D)
′ =
(
1−
(
pD̂i
Di
))(
1−
(
qD̂i
Di
))
+
n∑
j=1, j 6=i
(
1−
(
Di
Dj
))(
1−
(
pqDi
Dj
))
.
Then Di ∈ S
(bϕ)(E ′/Q) if and only if one of the following conditions holds:
(1)
{
Di ≡ 1(mod8),
Π−i (D)
′ = 0;
(2)
{
(1− pD̂i)(1− qD̂i) ≡ 0(mod16),
Π−i (D)
′ = 0;
(3)

Di ≡ 3(mod8),
p ≡ 1(mod4),
Π−i (D)
′ = 0;
(4)

Di ≡ 7(mod8),
p ≡ 3(mod4),
Π−i (D)
′ = 0.
Proof. The results follow easily from Proposition 2.7. 
Now we come to prove the Theorems.
Proof of Theorem 1.1. (1) For each i ∈ {1, · · · , n}, we have
[
1
1+Π+
i
(D)
]
=
0, 1. Furthermore,
[
1
1+Π+
i
(D)
]
= 1 ⇐⇒ Π+i (D) = 0 ⇐⇒
(
−1
Di
)
= 1 and(
p
Di
)
=
(
q
Di
)
=
(
Dj
Di
)
= 1 (1 ≤ j ≤ n and j 6= i) ⇐⇒ Di ∈ S
(ϕ)(E/Q) by
Proposition 2.1. Then the conclusion (1) follows.
(2) Conclusion (2) follows easily from the above (1) and Corollary 2.2 (A). This
proves Theorem 2.1. 
Proof of Corollary 1.2. By Proposition 2.1, we know that d /∈ S(ϕ)(E/Q)
for any d ∈ Q(S, 2) satisfying one of the following conditions holds: (1) d < 0;
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(2) p | d; (3) q | d. Since S(ϕ)(E/Q) ⊂ Q(S, 2) =< −1, 2, p, q,D1, · · · , Dn >
, we get S(ϕ)(E/Q) ⊂< 2, D1, · · · , Dn > . Furthermore, if condition (A) holds,
then by Proposition 2.1, we have D1, · · · , Dn ∈ S
(ϕ)(E/Q), so < D1, · · · , Dn >
⊂ S(ϕ)(E/Q) ⊂ < 2, D1, · · · , Dn > . If condition (B) holds, then by Proposition
2.1, we have D1, · · · , Dn ∈ S
(ϕ)(E/Q) but 2 /∈ S(ϕ)(E/Q), hence S(ϕ)(E/Q) ∼= <
D1, · · · , Dn >∼= (Z/2Z)
n . If condition (C) holds, then by Proposition 2.1, we have
2, D1, · · · , Dn ∈ S
(ϕ)(E/Q), hence S(ϕ)(E/Q) ∼= < 2, D1, · · · , Dn >∼= (Z/2Z)
n+1 .
This proves Corollary 1.2. 
Proof of Theorem 1.5. The results of the Selmer groups are given in Corol-
laries 1.2 and 1.4 above.
NowE(Q)[2] = {O, (0, 0), (−εpD, 0), (−εqD, 0)}, ϕ(E(Q)[2]) = {O, (0, 0)} = E
′
(Q)[ϕ̂],
by the exact sequences ([S] p.298, 314, 301 )
0 −→ E
′
(Q)
ϕ(E(Q))
−→ S(ϕ)(E/Q) −→ TS(E/Q)[ϕ] −→ 0,
0 −→ E(Q)
bϕ(E′(Q))
−→ S(bϕ)(E ′/Q) −→ TS(E ′/Q)[ϕ̂] −→ 0,
0 −→ E
′
(Q)[bϕ]
ϕ(E(Q)[2])
−→ E
′
(Q)
ϕ(E(Q))
−→ E(Q)
2E(Q)
−→ E(Q)
bϕ(E′(Q))
−→ 0, we get
rank(E(Q)) + dim2(TS(E/Q)[ϕ]) + dim2(TS(E
′
/Q)[ϕ̂])
= dim2(S
(ϕ)(E/Q)) + dim2(S
(bϕ)(E
′
/Q))− 2.
From this and Corollaries 1.2 and 1.4, the results in Theorem 1.5 follow, and the
proof is completed. 
Depending on the corresponding results in Propositions 2.3, 2.5, 2.7, the The-
orems 1.3, 1.6, 1.8, 1.10 and their Corollaries can be similarly proved.
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